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Abstract
This paper establishes bounds on the dimension of a manifold with involution having fixed set the
union of the projective space RPj and an n-dimensional submanifold.
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1. Introduction
The purpose of this paper will be to discuss involutions (Mm,T) on a closed m-
dimensional manifold for which the fixed set of T is the union of the j -dimensional
real projective space, RPj , and a closed n-dimensional manifold Fn. The goal will be
to determine an upper bound for m, in two particular cases.
If νm−j is the normal bundle of RPj in Mm, the Stiefel–Whitney class of νm−j ,
w
(
νm−j
) ∈ H∗(RPj ;Z2)= Z2[α]/(αj+1 = 0),
where α ∈ H1(RPj ;Z2) is the nonzero class. There is an integer q for which the class has
the form w(νm−j ) = (1 + α)q . For 2s  j < 2s+1, (1 + α)2s+1 = 1, so the integer q is
determined modulo 2s+1. (One should note that a congruence in this paper is a congruence
modulo 2, unless otherwise specified.) We will determine the bound for m in the cases
n ≡ j ≡ q and n ≡ j ≡ q .
✩ The results are part of the material in the author’s dissertation at the University of Virginia.
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Proposition 1. If n ≡ j ≡ q , one has
m = j, q = 0, j is even if n < j,
m j + m(n − j) if n > j
where for n − j = 2p(2g + 1), with p,g  0,
m(n − j) =
{ (
2p+1 − 1)(2g + 1) + (p + 1) if p  2g + 2,(
2p+1 − 2p−(2g+1))(2g + 1)+ 2p−(2g+1)(2g + 2) if p  2g + 1.
For j even, the bound is best possible.
Proposition 2. If n ≡ j ≡ q , then
m j + n + 1
and this bound is best possible. In the case that n > j , note that j +n+1 = 2j +m(n−j).
2. Preliminaries
We will make the following two assumptions. First, we will assume j = n. If j = n,
taking (Fn, νm−j ) = (RPj , νm−j ) gives bounding fixed data, and there exists (Mj+k,T)
having this fixed set [4]. By adding trivial bundles to νk , we can create a manifold with
dimension as large as desired. (Assuming n = j and j ≡ q , the fixed data of the involution
(Mm,T) does not bound, because (RPj , νm−j ) does not bound. By Boardman’s 52 -theorem
[1,2], one has m  52 max(j, n).) Secondly, we will assume that j = 0, since j = 0 is the
case with the fixed set being {point} ∪ Fn, which was solved by Pergher and Stong [5].
As shown by Conner and Floyd [4, 28.1], RP(νm−j ) ∪ RP(νm−n) bounds as an
element of the bordism group Nm−1(RP∞), where the map into RP∞ classifies the
double cover of each RP(ν) by its sphere bundle S(ν). Also, we know that if we
have bundles over RPj and Fn for which the projective spaces bound in this sense,
then there is an involution with this fixed data. Let c ∈ H1(RP(ν);Z2) be the first
Stiefel–Whitney class for the double cover. Then all of the Stiefel–Whitney numbers
wi1(RP(ν)) · · ·wir (RP(ν))cm−1−|i|[RP(ν)] (where |i| = i1 + · · · + ir ) are the same for
RP(νm−j ) and RP(νm−n).
For a bundle νm−n over Fn, the Stiefel–Whitney classes of RP(νm−n) may be described
as follows. Let
w
(
νm−n
)= 1 + u1 + u2 + · · · + um−n = u
be the Stiefel–Whitney class of the bundle νm−n. H∗(RP(νm−n);Z2) is a free H∗(Fn;Z2)
module (via π∗) on 1, c, . . . , cm−n−1 with a relation cm−n +u1cm−n−1 +u2cm−n−2 +· · ·+
um−n = 0. Let
w
(
Fn
)= 1 + w1 + w2 + · · · + wn ∈ H∗(Fn;Z2)
be the Stiefel–Whitney class of Fn. Then the Stiefel–Whitney class of RP(νm−n) is
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w
(
RP
(
νm−n
))
= (1 + w1 + w2 + · · · + wn)
× {(1 + c)m−n + u1(1 + c)m−n−1 + u2(1 + c)m−n−2 + · · · + um−n}.
Finally, for z ∈ Hn−r (Fn;Z2), Conner [3, Lemma 3.1] gives
zcm−n−1+r
[
RP
(
νm−n
)]= zu¯r[Fn],
where u¯ = 1
u
= 1 + u¯1 + · · · + u¯n is the dual Stiefel–Whitney class of νm−n, w¯(νm−n).
For a bundle νm−j over RPj , one has H∗(RPj ;Z2) = Z2[α]/(αj+1 = 0) and
w(νm−j ) = (1 + α)q as discussed above. w(RPj ) = (1 + α)j+1, so
w
(
RP
(
νm−j
))
= (1 + α)j+1
{
(1 + c)m−j +
(
q
1
)
α(1 + c)m−j−1
+
(
q
2
)
α2(1 + c)m−j−2 + · · · +
(
q
r
)
αr (1 + c)m−j−r + · · ·
}
= (1 + α)j+1(1 + c + α)q(1 + c)m−j−q .
If p(c,α) is a polynomial in c and α of degree m − 1, Conner’s formula [3, Lemma 3.1]
gives
p(c,α)
[
RP
(
νm−j
)]= p(1, α)
(1 + α)q
[
RPj
]
,
which is the coefficient of αj in p(1,α)
(1+α)q .
As we find bounds, we will wish in each case to give an example which will verify
that the bound given is indeed best possible. We will give examples when possible, but the
following lemma demonstrates how more examples might be found.
Lemma 3. If there is an involution (Nm′ ,T0) with fixed set {point}∪Fn−j and an involution
U on N, which commutes with T0, for which the representation of U on the tangent space
to N at the fixed point is Rm′−q+ + Rq− (i.e., the subspace on which U = −1 has dimension
q), then there is an involution (Mj+m′ ,T) with fixed set RPj having w(ν) = (1 + α)q and
an n-dimensional component Fn.
Proof. Let M = Sj×N−1×U with the involution T induced by 1 × T0. The fixed set of T
is S
j×point
−1×U = RPj and S
j×Fn−j
−1×U which is n-dimensional. The normal bundle over the
component RPj is S
j×Rm′−q+ +Rq−
−1×U which is ql + (m′ − q), where l is the nontrivial line
bundle over RPj and has w(ν) = (1 + α)q . 
Thus, many more examples can be found by exhibiting involutions on manifolds with
fixed set {point} ∪ Fn−j .
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We turn to finding bounds. We introduce the classw[r] = w(RP(ν))
(1 + c)m−n−r ,
for which w[r]i is a polynomial in wh(RP(ν)) and c. Then for Fn,
w[r] = (1 + w1 + w2 + · · · + wn)
× {(1 + c)r + u1(1 + c)r−1 + u2(1 + c)r−2 + · · ·},
which gives:
w[r]2r = wrcr + terms with lower powers of c.
w[r]2r+1 = (wr+1 + ur+1)cr + terms with lower powers of c.
For a class x ∈ H∗(RP(ν)) of the form x = xicr + terms with lower powers of c, with xi
in Hi (F), we say the dimension of x on Fn is i . We note that if the dimension of x on Fn is
greater than n, then x = 0 on RP(νm−n).
On RPj ,
w[r] = (1 + α)j+1(1 + c + α)q(1 + c)n+r−j−q
so w[0] = (1 + α)j+1(1 + c + α)q(1 + c)n−j−q and
w[0]1 = (j + 1)α + qα + (n − j)c
=
{
α if n ≡ j ≡ q,
α + c if n ≡ j ≡ q.
3. The case n≡ j ≡ q
Here, we form the class w[0]j1cm−1−j = αj cm−1−j and
w[0]j1cm−1−j
[
RP
(
νm−j
)] ≡ 0.
Since the dimension of w[0]j1 on Fn is j ,
w[0]j1cm−1−j
[
RP
(
νm−n
)]= 0, if j > n.
Since the class is nonzero on RPm−jν , but zero on RPm−nν , we have formed an invalid
class. We must have a negative exponent, and since j > 0, we must have m − 1 − j < 0.
Hence, for j > n, m j . However, Mm contains RPj , so m j must hold, and thus
m = j.
In this case, RPj must be one of the components of Mm, and q = 0 (i.e., the normal
bundle of RPj is the trivial zero-dimensional bundle). Since n ≡ j ≡ q , j must be
even, and (Mm,T) = (RPj=even,1) ∪ (M′,T′), where (M′,T′) is an involution with an
n-dimensional fixed set. Such involutions do exist. For example, (RPj ,1) fixes RPj with
q = 0 and an empty set Fn. Other examples could be found by taking (M′,T′) to be any
bounding involution. For some n and j , there can be nonbounding involutions as well.
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The above proof required n < j . If n > j , we insert another class to cause the evaluated
class to be zero on RPm−nν .
We consider the class
X = w[r1]2r1 · · ·w[rh]2rhw[s1]2s1+1 · · ·w[sk]2sk+1.
The dimension of X is 2r1 + · · ·+ 2rh + (2s1 + 1)+ · · ·+ (2sk + 1) = 2|r| + 2|s| + k. We
will be particularly interested in 2|r| + 2|s| + k = m(n − j), which is defined as follows.
If n − j = 2p(2g + 1), with p,g  0,
m(n − j) =
{ (
2p+1 − 1)(2g + 1) + (p + 1) if p  2g + 2,(
2p+1 − 2p−(2g+1))(2g + 1)+ 2p−(2g+1)(2g + 2) if p  2g + 1.
Note: m(t) t + 1 holds for any t , and equality holds for t odd (since p = 0).
On RP(νm−n),
X = {wr1 · · ·wrh(ws1+1 + us1+1) · · · (wsk+1 + usk+1)}c|r |+|s|
+ terms with smaller powers of c.
The dimension of X on Fn is |r| + |s| + k. Note that if |r| + |s| + k > n, then all of the
terms in X have a factor from H∗(Fn;Z2) with dimension more than n, so the class X is
zero on RPm−nν . Let n − j = 2p(2g + 1). We let
ri = 2p − 2p−i with
{
h = p if p  2g + 2,
h = 2g + 2 if p  2g + 2,
si = 2p − 1 with
{
k = 2g + 2 − p if p  2g + 2,
si terms eliminated if p  2g + 2.
X was used in finding bounds for involutions with fixed set {point} ∪ Fn−j in [5], and there
it was shown that the following properties hold:
(a) dim(X) = 2|r| + 2|s| + k = m(n − j);
(b) |r| + |s| + k  n − j + 1;
(c) If one has a fixed component for which w(RP(ν)) = (1 + c)m−j , then X = cm(n−j).
As stated above, a class of this form will have dimension on Fn|r| + |s| + k. Since
|r| + |s| + k  n − j + 1, the class w[0]j1Xcm−1−(j+m(n−j)) will have dimension on
Fn  j + n − j + 1 = n + 1 > n. So, the class is zero on RP(νm−n), that is
w[0]j1Xcm−1−(j+m(n−j))
[
RP
(
νm−n
)]= 0.
On RPj , w[0]j1 = αj and since αj+1 = 0, multiplication by w[0]j1 kills all α’s in
w(RP(νm−j )). Thus, w(RP(νm−j )) becomes (1 + c)m−j and X is equivalent to cm(n−j),
so
w[0]j1Xcm−1−(j+m(n−j)) = αj cm(n−j)cm−1−(j+m(n−j))
= αj cm−1−j .
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Thus,
w[0]j1Xcm−1−(j+m(n−j))
[
RP
(
νm−j
)] ≡ 0.
We again have the desired contradiction and we conclude that, if n ≡ j ≡ q and n > j ,
then m − 1 − (j + m(n − j)) < 0, i.e.,
m j + m(n − j).
For n ≡ j ≡ q ≡ 0, we have the following example. There exists a manifold
(Mm(n−j),T) with fixed set {point} ∪ F′n−j [5]. Form the involution (RPj × Mm(n−j),
1 × T). The fixed set of 1 × T is RPj × ({point} ∪ F′n−j ) = RPj ∪ (RPj × F′n−j ), which
is of the form RPj ∪ Fn and the normal bundle νm−j is trivial (q = 0). Thus, in the case
n ≡ j ≡ q ≡ 0 and n > j , the bound is best possible.
We can construct another example in the following way. We again make use of the
manifold (Mm(n−j),T) with fixed set {point} ∪ F′n−j and form ( Sj×Mm(n−j)−1×T ,1 × T). This
involution will have fixed set RPj ∪ (Fn = RPj ×F′n−j ) with ν(RPj ) = m(n− j)l = ql.
So, if m(n − j) is odd, we have an example for n ≡ j ≡ q ≡ 1.
Thus, we have proven the following.
Proposition 1. If n ≡ j ≡ q , then
m = j, q = 0, j is even if n < j,
m j + m(n − j) if n > j
and the bound is best possible for even j .
4. The case n ≡ j ≡ q
In the case n ≡ j ≡ q , w[0]1 = α + c. We could use the class (w[0]1 + c)jw[0]n+11 ×
cm−1−(j+n+1) and this would give an αj on RPj and would be zero on RP(νm−n), but
this is more than is necessary. Let t be the value such that
(1 + α)n+1
(1 + α)q = 1 + · · · + α
t .
Certainly, t  j . On RPj ,(
w[0]1 + c
)j−t
w[0]n+11 cm−1−(j−t+n+1)
= (α + c + c)j−t (α + c)n+1cm−1−(j−t+n+1)
= αj−t (α + c)n+1cm−1−(j−t+n+1),
and we are interested in the coefficient of αj in
αj−t (1 + α)n+1
(1 + α)q = α
j−t (1 + α)n+1
(1 + α)q = α
j−t (1 + · · · + αt )= αj−t + · · · + αj .
Thus, (
w[0]1 + c
)j−t
w[0]n+11 cm−1−(j−t+n+1)
[
RP
(
νm−j
)] ≡ 0.
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The class remains zero on RP(νm−n), due to the w[0]n+1 term. So,1(
w[0]1 + c
)j−t
w[0]n+11 cm−1−(j−t+n+1)
[
RP
(
νm−n
)]= 0.
Again, we reach the desired contradiction and conclude that for n ≡ j ≡ q ,
m j − t + n + 1.
This bound depends on the value of q (via t), but we can eliminate t by replacing it with
its smallest value, namely zero.
m j − t + n + 1 j + n + 1.
While it is useful to eliminate t , we should note that, in some cases (e.g., j = t), we could
significantly improve the latter bound. We may further alter the form of this bound, when
n > j , by noting that since n − j is odd, m(n − j) = n − j + 1, so the bound is
m j + n + 1 = 2j + n − j + 1 = 2j + m(n − j).
We have an example to show that our bound is best possible. Let (RPj+n+1,T) be the
involution where T is defined by T(x0, . . . , xj+n+1) = (−x0, . . . ,−xj , xj+1, . . . , xj+n+1).
The fixed set of T is RPj ∪ RPn and the normal bundle over the component RPj is
(n + 1)l. Note that q = n + 1, which satisfies n ≡ q .
Thus, we have proven the following.
Proposition 2. If n ≡ j ≡ q , then
m j + n + 1
and this bound is best possible. In the case that n > j , note that j +n+1 = 2j +m(n−j).
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